Based on normalized coprime factorizations with respect to inde nite metrics and the construction of suitable characteristic functions, the Ober balanced canonical forms for the classes of bounded real and positive real are derived. This uses a matrix representation of the shift realization with respect to a basis related to sets of orthogonal polynomials.
INTRODUCTION 2 Introduction
In this paper we deal with the derivation of balanced realizations for the classes of scalar bounded real and positive real functions. This work is an extension of a method that has been initiated in Fu 1991] and continued in FO 1993a , HF 1994 . The central idea is to use the shift realization, introduced in Fu 1976] , and choose an appropriate basis for a matrix representation.
This has been done rst in Fu 1991] for the class of antistable transfer functions, considering the generic case where all Hankel singular values are distinct as well as the other extreme case where all the singular values coincide. In the rst case, a basis made up of Hankel singular vectors led to the canonical form Ob 1987a , Ob 1991 . On the other hand, for the case all the singular values coincide, which up to an additive constant is the case of an antistable all-pass function, the appropriate basis turned out to be a suitably normalized set of orthogonal polynomials. Again this led to a canonical form studied earlier in 1987b] . Naturally these results have their stable counterparts. We note that here balancing refers to Moore balancing, using a pair of Lyapunov equations.
The limitations on the multiplicity of the Hankel singular values has been lifted in HF 1994] where an appropriate basis has been constructed, consisting of the union of sets of orthogonal polynomials with respect to weights determined by a special set of singular vectors. The method, as described above, obviously fails if we consider other classes of functions. In order to apply the theory of Hankel operators to other types of balancing, we have to nd a way of encoding the information carried by a transfer function in a given class into an antistable (or stable) transfer function so that an appropriate Hankel operator can be de ned. This is the key idea introduced and studied in FO 1993a] . The method is based on the use of (left and right) normalized coprime factorizations over H 1 , and the corresponding characteristic function.
Let us give brie y the details. Consider an arbitrary, strictly proper transfer function of McMillan degree n. Let Hankel theory. Moreover, the map from G to its characteristic function can be inverted.
The inversion can be carried out via the solution of a pair of Lyapunov equations or, alternatively, via spectral factorizations.
The interesting thing in this construction is the fact that Moore, or Lyapunov, balancing for R L is very closely related to LQG, or Riccati, balancing for G. Since 
with S K and S L inner functions in H 1 + (cf. e.g. Fu 1981] 
Proof:
Relation (22) 2 ): Using (33b) gives (39).
(ii) Take the adjoint of (33a) holds for these operators. Now, starting from equation (4) Moreover, the fundamental polynomial equation (1) for which the in mum is attained, and that k M U 1 ? N V 1 ? q k 1 = i : (50) Moreover, in view of (49) 
and that there is exactly one solution, namely the one corresponding to q = q, for which equality holds.
On the other hand, V i U i 2 H 1 n i ] is a solution of the Bezout equation, and by (iii) and (24) inf ( 
The matrix is called Lyapunov gramian of the system, and 1 ; 2 ; . . .; n are called the Lyapunov singular values of (A; B; C; D). 2
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We start with a summary of relationships between coe cients of the di erent polynomials involved. Recall that by q j;i we denote the i-th coe cient of the polynomial q j , i.e. q j = P n k=0 q j;k z k . and dp (i) 1 ? ep (i) 2 = i t p i :
Equating the highest degree coe cients in (61) results in (56) because of the strict properness of g.
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From the rst coordinate of (60) 
Plugging in (56) and (59) in (62) and (63) gives the result.
We now derive a canonical form for J B -normalized coprime factors, which is Lyapunov balanced up to a sign. For the sake of simplicity we restrict ourselves to the strictly proper case. 
for i; j = 1; . . .; k. 
tt dz: However, the rst equation in (32a) in connection with (56) gives the desired result for b 0 i exactly in the same way as above. Finally we check the validity of equations (66) In the case k = n j the second term in (85) can be calculated using (86) 
where we also have made use of relation (56) 
Summarizing, we get in view of the normalizing condition (80) and equation (73) Comparison with Corollary 6.2 in Ob 1991] shows that the system is in positive real balanced canonical form.
